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1. Introduction 
The problem that we consider in this paper is the determination of canonical 
forms for torsion in the general inear group Glk(Z), that is, construct a list of k x k 
unimodular matrices such that if A cGlk(Z) satisfies A”=[, then A is similar to a 
unique matrix in this list. As a step towards the solution of this problem, we present 
such a list for torsion in Cl,(Q), where Q is the rational number field. It turns out 
that the matrices in the list for Cl,(Q) actually belong to Glk(Z). However, the 
similarity classification of torsion in Glk(Z) requires a detailed knowledge of class 
numbers of cyclotomic extensions and therefore remains an unsolved problem. 
Our original motivation for studying torsion in Cl,(Z) came not from linear 
algebra but rather from algebraic topology. In [7] we started with a purely 
topological problem and converted it into a homological one, namely: 
1.1. Problem. Find, and classify up to isomorphism, all groups G satisfying the 
following: 
(a) the commutator subgroup [G, G] is a free group of rank kc 03, 
(b) the abelian group Gab = G/[G, G] is cyclic of order n < ~0, 
(c) the abelianization homomorphism E: G-Gab induces an isomorphism in 
integral homology. 
Let F denote the free group of rank k and let n be the cyclic group of order n. 
Given such a group G, we have the congruence class of the associated extension 
I+F+G A n-1 
Conversely, we can start with an extension 1 --F-G---“- n-l and ask, when 
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does G satisfy the conditions of 1.1. Notice that if a* : H,(G)+H,(n) is an isomor- 
phism, then Gab is cyclic of order n and [G, G] 1 F. Thus we have 
1.2. Problem. Find, and classify up to congruence, all extensions 
I-F-G A rr-+l 
such that (r is a homological isomorphism. 
This problem was solved in [7] and motivated the study of torsion in Glk(Z). We 
now briefly review the solution as given in [7]. Let r;(F) denote the group of outer 
automorphisms of the free group F and let K : r8(F)++Glk(Z) denote the epimor- 
phism induced by abelianization F-HF,~. To any extension I+ F+ GA II+ 1, 
even if cz is not a homology isomorphism, we can associate the abstract kernel 
e : TI* r)(F). If t E II is a chosen generator for the cyclic group n, then we have the 
element r=,o(t)~ /j(F) such that r”= 1. This in turn yields the matrix 
T= I E Glk(Z) satisfying T”= I. Thus torsion in Glk(Z) is a natural ingredient of 
Problem 1.2. 
If k# 1, then the center of F is trivial. Standard theorems of homological algebra 
(see [5, Chapter IV]) then give a l-1 correspondence between elements r E C(F) such 
that r”= 1 and congruence classes of extensions 1 -+F-+G A TI-* 1. Given 
such an element r E cl(F), the corresponding extension is induced from the universal 
extension 1 -+F+Aut F+ O(F)- 1 by the representation g : TI-* P(F) defined by 
8 : t-+r. The solution of Problem 1.2 is then 
Theorem. There exists a 1-I correspondence between congruence classes of 
extensions 1 *F+ G 2 R+ 1 for which a is a homology isomorphism and 
elements r E r,(F) such that r”= 1 and I- TE Glk(Z). 
In other words, (Y+ : H,(G)+H,(n) is an isomorphism if, and only if, 
I- TE Gl,(Z). Hence we are led to consider torsion matrices TE GIk(Z) so that I- T 
is invertible over Z. 
2. Torsion matrices over the rationals 
Results concerning torsion in Glk(Q), or more generally in GlJR) for some ring 
R, can be found strewn throughout the literature. Some references can be found in 
the bibliography of Taussky’s survey article [9], and others can be found in the book 
by Lyndon and Schupp [4]. Another particularly useful source is Newman’s book 
[6]. Finally, the mathematical reviews on group theory and number theory are quite 
helpful [l, 31. 
Even though the literature on torsion in matrix groups is quite extensive, there 
does not seem to be a list of canonical forms. In this section we will produce a list of 
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torsion matrices in Glk(Q) such that the similarity classes of torsion in Gl,(Q) are in 
l-l correspondence with this list. We shall assume that a fixed basis xl, . . . ,xk has 
been chosen for the free group F of rank k. This then gives a preferred basis 
21, *** , xk for Fab, which we also take as the basis for Q@Fab= the rational vector 
space of dimension k. 
Similarity over Z or Q will be denoted by -z, -Q and for a square matrix A we 
shall use the notation pA(x), yA(x) for the minimal and characteristic polynomials 
respectively. To any manic polynomial p(x) = o,,+ a,x+ ... +xk we associate the 
k x k companion matrix 
CW)) = 1 
0 lo*** 0 
* 0 
* 1 
where this is to be interpreted as [-a,,] when k= 1. The pertinent fact about the 
companion matrix C@(x)) is that the minimal and characteristic polynomial both 
equal p(x). Since det C@(x)) = fa,, we see that C@(x)) E Glk(Z) if, and only if, the 
a; are integers and a0 = f 1. 
The classical theorem concerning similarity of square matrices over a field is that 
every matrix is similar to the direct sum of the companion matrices of its elementary 
divisors. Because cyclotomic polynomials are heavily involved in the similarity 
classification of torsion in Glk(Q), we shall review some of their properties. If 
r,, 0.. ,cOcm are the primitive dth roots of unity, where @(d) is the Euler totient 
function, then the dth cyclotomic polynomial is 
@d(X) =(x- Cl) **;(x-- &O(d)). 
It is well known that Qd(x) has integral coefficients and is irreducible over Q. 
The factorization of x”- 1 into prime polynomials is given by 
x”- 1 = n @d(X). 
dn 
If we use the notation C(d) for the companion matrix of the cyclotomic polynomial 
Oid(x), then 
C(d) E Gl,&Z) has order exactly d. 
It is clear that C(d)d=I, since the minimal polynomial of C(d) is @,+(x), and 
Qd(x) Ixd- 1. If we actually have C(d)e= I, where 1 seed, then we would have 
@d(X) I xe - 1, and from this it would follow that the roots of Qd(x) could not be 
primitive dth roots of unity. Therefore the order of C(d) is exactly d. 
It now follows that the integral matrix e,C(d,)@.--@e,C(d,) has size kxk and 
order n, where 
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k=elddd,) + 0-e + er@4dr), 
n = the least common multiple of the d;. 
Now suppose that A EGI~(Q) has order n. Then r(lA(x) Ix”- 1 and so there are 
distinct divisors d,, . . . , d, of n such that 
r(l,‘I(x) = @d,(X) *** @d,(X). 
Hence the elementary divisors of A are Q,,,(X), .. . , Qd,(x). If Od,(x) is repeated e; 
times, the theory of similarity over Q gives 
A~C(d,)O...OC(d,)O...OC(d,)O...OC(d,). 
e, times e, times 
The characteristic polynomial of A is yA(x) = Qd,(x)=l ... @J~,(x)~~; hence the e; and d, 
are unique. 
2.1. Theorem. Suppose A E GI,(Q) has order n. Then there are unique distinct 
divisors d,, . . . , d, of n and unique positive integers e,, . . . , e, such that 
(a) A -Q elC(dl)@--@erC(dr), 
(b) n = the least common multiple of d,, . . . , d,, 
(c) k= e,@(d,) + .a. + e&(d,). 
Thus the matrices e,C(dl)@...@e,C(d,) are canonical forms for torsion in 
CA,(Q). These matrices are also in Glk(Z). If A E Gl,(Q) has order n, then A is 
similar over Q to a matrix BE Glk(Z) which also has order n. It follows that (b) and 
(c) above are also true for Glk(Z). However, (a) does not give the similarity classifi- 
cation over Z. 
2.2. Example. Consider the matrices 
A= [-; ;], B= [-; ;], 
where a E Z. Then A -Q B; but, as a straightforward calculation shows, A -z B if, 
and only if, a is even. 
Given an integer n, we would like to determine the least k for which Glk(Z) has n 
torsion. If A E Glk(Z) has order n and k is minimal, then all the integers e, in 
Theorem 2.1 must be 1. Therefore we can find distinct divisors d,, . . . ,d, of n 
satisfying 
(a) 14 -QC(d,)@*‘*@C(drh 
(b) n = the least common multiple of the d;, 
(c) k = @(d,) + ... + @(d,). 
Hence to find the least such k, we must minimize the sum 
k=@(d,)+.-.+@(d,) (2.3) 
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subject to the constraint that the d; are distinct divisors of n with L.C.AM. n. 
Clearly we may assume that for i#j we have difd;. If n =pi’ ..-p:l is the prime 
decomposition of n, it follows that every prime power in n must divide one of the d,. 
Suppose some p: divided 2 of d,, . . . ,d,, say pi’1 d, and pi’/ dz. Then we could 
replace dz by dz/pfl in (2.3) and not increase the sum since @(dz) L @(dt/p;l). In other 
words, to minimize (2.3) we may assume that every prime powerp? divides one, and 
only one, of the d,. However, it is still possible that several prime powers will divide 
the same di. Therefore we introduce the notation 
Ii={jIlIjItandpjSlI~i} for l=ilr. 
Thus we have the disjoint union { 1, . . . , t} = U:=, I, and the corresponding inequality 
Now we appeal to the following lemma. 
Lemma. If aj> 2 for 1s js m, then 
@(a,) ... @(aA 2 @(al) + ... + @(a,& 
with equality if, and only if, either m = 1 or m = 2 and @(a,) = @(a,) = 2. 
Proof. For convenience we put xi= @(ai). Then we have x,2 2 for 1 sjsm. Using 
the identity 
xy-x-y=(x- l)(y- 1)- 1 
and induction on m, it follows that xl . ..x.,,Lx~ + .a. fx,,,. 
Now suppose that xl ...x,,~=x~ +... +x,, for some m 2 2. Putting x=x,, 
y=xZ...xnr, we have 
XI -**X,=XyIx+y=X,+X2*~*Xm1X~+X2~+f”’+Xm. 
Therefore we must have xy =x+ y. The above identity then implies that x= y = 2. 
Hence, m=2andx,=x2=2. Cl 
Assuming that pT# 2 for all j (i.e., n +2 (4)), it follows that 
@td,) + a.- + @td,) 2 i C @(P,?> = @(pi') + .-. + w:‘). 
But @(p;‘) + e-e + @(p:‘) is one of the admissible sums in (2.3) and so we see that, in 
the case n$2 (4), the minimum value of k is given by 
k = @(pf’) + *** + @(p:‘). 
Now assume that n = 2p9.+-p:‘, where p2 , . . . ,p, are odd primes (i.e., n=2 (4)). 
There is a unique index i such that 1 E 1,. Without loss of generality suppose i = 1. 
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Then 
by the lemma, where we interpret this sum to be 1 if n = 2. 
But again this lower bound is attained by an appropriate choice of d,, . . . , d,. If 
n = 2 we choose r= 1 and d, = 2. If n # 2 then any of the following are permissible: 
r=t- 1 and d,=2E:pf,...,d,_,=2Elp:l, 
(2.4) 
where ej = 0 or 1, and Ej = 1 for at least one j. 
Thus we have proved the following theorem. 
2.5. Theorem. Suppose n =pT ... p: is the prime factorization of n. Then the least k 
for which Glk(Q) has n torsion is given by 
if n=2, 
k= @(p;‘)+...+@(ps’) 
i 
if n22 (4), 
@(p‘T’)+***+@(pf’)- 1 ifn=2 (4), n>2. 
This result was also proved by Suprunenko [S]. However, Suprunenko’s paper is 
quite inaccessible and, in any case, does not seem to contain the rational canonical 
forms associated to such torsion (see Mathematical Reviews 26 (1963) no. 6233). 
The corresponding statement for Gl#) is also valid. 
Our next step is to describe the rational canonical forms arising in Theorem 2.5. 
To do this, we must go back over the argument and see where strict inequality 
occurs. Our first reduction was to replace dz by dz/pfl if pf’ 1 d, and pf’ / dz. Then the 
sum @(d,) + a.. + @(d,) will decrease if, and only if, @(d,) > @(dz/pf’). But this occurs 
exactly when p;‘# 2. 
Therefore, let us assume for the moment that n + 2 (4). We shall also assume that 
the prime factorization n =a;’ . ..p.‘ischosensothat2rp,<pz<.--<pr. Ifd,,...,d, 
actually gives the minimum value @(p;‘)+ ... +@(p:‘) for (2.3), then every prime 
power p? divides precisely one of the d;. We must also have 
But this happens if, and only if, 
di= n p? for lsisr. 
IE I, 
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However, for the minimum we necessarily have 
,J @(P:‘) = ,FI @(Pfi) for 15 is r. 
According to the lemma, such an equality can happen in only 2 ways: 
(i) I, contains only one element, 
(ii) I;contains 2 elements and {p?lj~f,} = {4,3). 
Thus we now consider 2 cases. For the first case, assume n =4.3 .p;’ . ..pf’. If 
d,, *em 9 d, gives the minimum value, then (up to a possible rearrangement) there are 2 
possibilities: 
(i) r=tanddl=4,dz=3,d3=p;’ ,..., d,=pf’, 
(ii) r=r-1 andd,=l2, dz=py ,..., d,_,=p:‘. 
For the second case, we assume n is not of the form 4.3 *py*..p:’ (but still 
assuming n+2 (4)). Then, up to order, there is only one possible choice for a 
minimum, namely 
r=t and d,=pi’,...,dr=p:l. 
Finally, we must still consider the case n = 2pT as-p:‘. Then all divisors d of n are 
either odd or d=2 (4). If ds2 (4), then e(d) = @(d/2). Therefore, if dl, . . . ,d,gives a 
minimum for (2.3), then the set {d’,, . . . ,d;}, which is obtained from {d,, . . . ,d,) by 
removing all powers of 2, will give a minimum for n/2. Since n/2 is odd, we see that, 
after a reordering if necessary, 
r=t-l and d’,=pT,...,d;_,=p:l. 
Hence d,, . . . , d,_, are given by (2.4). 
In summary, we have proved the following theorem. 
2.6. Theorem. Let n=pi’ ... p:l be the prime factorization of n, where 2lp,< 
p2< ... cpr. If k is the least integerfor which there exists A E C&(Q) having order n, 
then 
(a) either 
A;iC(4)@C(3)@C(p~)@.**@C(pf’) 
or 
A;rC(12)0C(pSj)O-..0C(p:l) 
ifn=4.3.py...p:', 
(b) A-QC(pfl)@...@C(pF) ifn#4.3.pj-‘...p:land n=2 (4), 
(c) A -&(2’zppi’)@ ...@C(2&fp:1) if n=2 (4) and n+2, where ej=O or 1 and 
&j = 1 for at least one j, 
(d) A -Q C(2) if n = 2. 
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3. Torsion matrices over the integers 
In the last section we presented a list of canonical forms for torsion in the general 
linear group C&(Q). Now we address ourselves to the nature of torsion in Glk(Z). 
Recall that if A E GIJQ) has finite order, say A”= 1, then A is similar (over Q) to a 
matrix BE Cl,(Z) satisfying B*= I. Therefore there are just as many canonical 
forms for torsion in GlJZ) as there are in Gl,(Q), and indeed more as Example 2.2 
shows. 
In fact, the similarity classification over Z is still an open problem. For example, 
the general linear group G&_,(Z), where p is a prime, contains p torsion. If 
A~Gl~_,(Z)hasorderp, theny,(x)=l+x+~~~+xP-l,andAissimilaroverQto 
the (p - 1) x (p - 1) companion matrix 
0 yo 
1 
-1 -1 . . . . . -1 
(3.1) 
Therefore there is only one canonical form over Q for p torsion in Gl,_ ,(Z). 
However, it follows from a result of Latimer and MacDuffee [2] that the number of 
Z-similarity classes of p torsion in Gl,_ ,(Z) is the ideal class number of the cyclo- 
tomic extension Q(C), where C= ezni’*, 
The Latimer-MacDuffee theorem referred to above is concerned with the similarity 
classification over Z of integral matrices with a fixed minimal polynomial. TO be 
precise, suppose p(x) = a0 + a,x + ‘** +xk is a manic polynomial over the integers 
such that ao#O and D(X) has no repeated factors in its factorization into primes. 
Then we have 
Theorem (Latimer-MacDuffee). There is (I 1-I correspondence between Z- 
similarity classes of k x k integral matrices A satisfying p*(x) ‘p(x) and classes of 
nonsingular ideals in the truncated polynomial ring Z[x]/@(x)). 
Recall that an ideal 1~ Z[x]/@(x)) is said to be nonsingular, if I has rank k as a 
free abelian group (i.e., Z@Q = Q[x]/(p(x))). Two such ideals Iand Jare in the same 
class if there exist nonzero integers , t such that s - I= t - J. 
To define the correspondence in the Latimer-MacDuffee theorem, suppose I is a 
nonsingular ideal. Then multiplication by x determines a linear transformation 
Ia I having minimal polynomial p(x). Choosing a basis e,, . . . , ek of I yields a 
matrix A so that pA(x) ‘p(x). Replacing Z by s. Z, where s#O, and replacing 
q,..., ek by s-e,,..., se ek does not change A; whereas choosing another basis for Z 
merely alters A up to similarity over Z. Under the assumptions of the theorem, the 
class of Z is in l-1 correspondence with the class of A. 
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Notice that for such matrices A we must have ~,~(x)= Y.-((X), i.e., A must be 
nonderogatory. As an example, suppose A E Gl,(Z) is nonderogatory and A”=I. 
Then all the integers e, in Theorem 2.1 must be 1, and the minimal polynomial 
P/t(X) = @d,(X) 0.. O&C) satisfies the conditions of the Latimer-MacDuffee 
theorem. In other words, we have proved the following theorem. 
3.2. Theorem. Suppose A EGI~.(Z) is a nonderogatory matrix of order n. Then 
there are unique and distinct divisors d,, . . . , d, of n such that 
(4 A -Q C(ddO-+~OC(d,), 
(b) n = the least common multiple of d,, . . . , d,, 
(c) k = @(d,) + ... + @(d,). 
Moreover, the Z-similarity classes of such A having the rational canonical form 
C(d,)@ ...@ C(d,) are in 1- 1 correspondence with the classes of nonsingular ideals 
in the ring Z[x]/(@,,(x) ... Qd,(x)). 
In particular, this theorem applies to the canonical forms for ‘minimal’ torsion 
listed in Theorem 2.6. 
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